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MODERATE DEVIATION PRINCIPLES
FOR TRAJECTORIES OF SUMS OF INDEPENDENT

BANACH SPACE VALUED RANDOM VARIABLES

YIJUN HU AND TZONG-YOW LEE

Abstract. Let {Xn} be a sequence of i.i.d. random vectors with values in a
separable Banach space. Moderate deviation principles for trajectories of sums
of {Xn} are proved, which generalize related results of Borovkov and Mogulskii
(1980) and Deshayes and Picard (1979). As an application, functional laws of
the iterated logarithm are given. The paper also contains concluding remarks,
with examples, on extending results for partial sums to corresponding ones for
trajectory setting.

1. Introduction and main results

Let {Xn} be a sequence of i.i.d. Rd-valued random variables, satisfying EX1 = 0
and Var(X1) < +∞. Let S̃n be the trajectories of sums of {Xn}, that is, S̃n(t) =
[nt]∑
i=1

Xi + (nt− [nt])X[nt]+1, t ∈ [0, 1]. Deshayes and Picard [19] have studied moder-

ate deviations (MDs) for
{
S̃n

}
in C[0, 1], which generalized corresponding results

obtained by Borovkov [10] and Mogulskii [30]. Borovkov and Mogulskii [12] ex-
tended Deshayes and Picard’s [19] results to independent, identically distributed
(i.i.d.) random vectors {Xn} with values in a complete locally convex Hausdorff
topological vector space, under the crucial assumption that

µ
4
= L(X1) ∈ CLT.

That is, the law L
(

1√
n

n∑
i=1

Xi

)
converges weakly to a non-degenerate normal distri-

bution. For more related results, see Borovkov and Mogulskii [12] and the references
therein. However, the CLT for i.i.d. random vectors {Xn} is not easily satisfied
when {Xn} take values in a general Banach space. Motivated by the observation
above, in the present paper, we shall investigate the moderate deviation principle
(MDP) for the trajectories, S̃n, of sums of i.i.d. random vectors {Xn} with values
in a separable Banach space, and aim at removing the assumption employed by
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Borovkov and Mogulskii [12], µ
4
= L(X1) ∈ CLT. As an application, the functional

laws of the iterated logarithm are given.
Now, we turn to describing our main results in detail. Let N be the set of

positive integers. For x ∈ R, [x] denotes the greatest integer k ≤ x. Through-
out this paper, (E, ‖ · ‖) will denote a separable Banach space and E∗ its dual
space. For N ∈ N, we endow the product space EN with the product topology,

which can be induced by the metric d(·, ·) given by d(x, y) =
N∑
i=1

‖xi − yi‖, x =

(x1, · · · , xN ), y = (y1, · · · , yN) ∈ EN . Let {Xn} be a sequence of independent E-
valued random vectors with common distribution µ such that µ ∈ WM2

0 , that is,
Ef(X1) = 0 and Ef2(X1) <∞ for every f ∈ E∗. Let (H, ‖·‖H) be the reproducing
kernel Hilbert space associated to µ (see Goodman, Kuelbs and Zinn [22]). A good
example, which reveals the structure, is the Wiener measure µ on E = C[0, 1] with
the supremum norm. Then the associated reproducing kernel Hilbert space is the

so-called Cameron-Martin space. Let Sn =
n∑
i=1

Xi, S0 = 0. We denote by S̃n the

trajectories of sums of {Xn}. In other words,

S̃n(t) = S[nt] + (nt− [nt])X[nt]+1, t ∈ [0, 1].

Denote by Sn(·) the piecewise constant functions of sums of {Xn}, that is,

Sn(t) =
[nt]∑
i=1

Xi, t ∈ [0, 1].

Let C([0, 1],E) be the Banach space of all continuous mappings from [0,1] into E
equipped with the sup-norm, ‖ · ‖∞. Denote by D([0, 1],E) the Banach space of
all right-continuous mappings with left limits from [0, 1] into E equipped with the
metric d∞(f, g) = sup

0≤t≤1
‖f(t) − g(t)‖. Given a set A, let Ac and Ā stand for the

complement and the closure of A, respectively.
Define a function Λ : E→ [0,+∞]

Λ(x) =
{

1
2‖x‖2H , if x ∈ H,
+∞, otherwise,(1.1)

and define a mapping Λ̃ : D([0, 1],E)→ [0,+∞]

Λ̃(f) =
{ ∫ 1

0
Λ(g(s))ds, f ∈ AC,

+∞, otherwise,
(1.2)

where AC = {f ∈ D([0, 1],E); there exists g ∈ L1([0, 1],E) such that f(t) =∫ t
0
g(s)ds for t ∈ [0, 1]}, and L1([0, 1],E) is the space of E-valued Bochner integrable

functions on [0,1]. It is readily seen that AC ⊂ C([0, 1],E).
Throughout this paper, for random vectors {Yn}, we will write Yn

P−→ 0 if
Yn → 0 in probability as n→∞.

Throughout this paper, let {b(n);n ≥ 1} be a positive sequence such that

b(n)√
n
→∞, b(n)

n
→ 0.(1.3)

The following conditions are assumed to be satisfied.

E exp(β‖X1‖) <∞ for some β > 0.(1.4)
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Sn
b(n)

P−→ 0.(1.5)

It is well-known that under conditions (1.4) and (1.5),
{
Sn
b(n)

}
in E satisfies an

MDP with speed
{

n
b2(n)

}
and the rate function Λ, defined by (1.1). By this we

mean that, for every closed set F ⊂ E,

lim sup
n→∞

n

b2(n)
logP

{
Sn
b(n)

∈ F
}
≤ − inf

x∈F
Λ(x),(1.6)

and for every open set G ⊂ E,

lim inf
n→∞

n

b2(n)
logP

{
Sn
b(n)

∈ G
}
≥ − inf

x∈G
Λ(x).(1.7)

Throughout this article, a rate function is understood to have compact level sets,
i.e., {Λ ≤ a} is compact in E for all a ≥ 0. For this result of the partial sum
see Goodman, Kuelbs and Zinn [22, Lemma 2.1 (V)], Chen [13, Theorem 2]; [15,
Theorem 1], de Acosta [2], Ledoux [26] and Jiang [24].

It should be mentioned that recently Arcones [7] gave necessary and sufficient
conditions for MDP for

{
Sn
b(n)

}
in the real-valued case.

The main results of this paper are following.

Theorem 1.1. Let π : 0 = t0 < t1 < · · · < tN = 1 be a partition of [0, 1]. Assume
(1.4) and (1.5) hold, then

{
1

b(n) (Sn(t1), · · ·, Sn(tN ))
}

in EN satisfies an MDP

with speed
{

n
b2(n)

}
and a rate function Ĩπ, that is, for every closed set F and

open set G of EN ,

lim sup
n→∞

n

b2(n)
logP

{
1
b(n)

(Sn(t1), · · ·, Sn(tN )) ∈ F
}
≤ − inf

z∈F
Ĩπ(z),

lim inf
n→∞

n

b2(n)
logP

{
1

b(n)
(Sn(t1), · · ·, Sn(tN )) ∈ G

}
≥ − inf

z∈G
Ĩπ(z),

where Ĩπ : EN → [0,+∞] is given by

Ĩπ(z) =
N∑
i=1

(ti − ti−1)Λ
(
zi − zi−1

ti − ti−1

)
(1.8)

for z = (z1, · · ·, zN ) ∈ EN , z0
4
= 0.

So does
{

1
b(n)

(
S̃n(t1), · · ·, S̃n(tN )

)}
in EN with the same speed

{
n

b2(n)

}
and the

same rate function Ĩπ.

Remark 1.1. It is readily checked that Ĩπ inherits the property of compact level
sets from function Λ.

Theorem 1.2. Assume (1.4) and (1.5) hold, then
{
S̃n
b(n)

}
in C([0, 1],E) satisfies

an MDP with speed
{

n
b2(n)

}
and rate function Λ̃ defined by (1.2), that is, for every

closed set F and open set G of C([0, 1],E),

lim sup
n→∞

n

b2(n)
logP

{
S̃n
b(n)

∈ F
}
≤ − inf

f∈F
Λ̃(f),
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lim inf
n→∞

n

b2(n)
logP

{
S̃n
b(n)

∈ G
}
≥ − inf

g∈G
Λ̃(g).

So does
{
Sn(·)
b(n)

}
in D([0, 1], E) with the same speed

{
n

b2(n)

}
and the same rate

function Λ̃.

Remark 1.2. From the proofs given in the next section, it can be seen that all
lemmas, and thus Theorems 1.1 and 1.2 remain true if we substitute the underlying
interval [0, 1] with interval [0, T ] for each T > 0.

Remark 1.3. Theorem 1.2 has generalized the related results obtained by Borovkov
and Mogulskii [12] and Deshayes and Picard [19].

If E is of type p (1 < p < 2), then condition E‖X1‖p <∞ implies Sn
n1/p

P−→ 0 (see
Ledoux and Talagrand [27, pp. 190 and 259]). Therefore, an immediate corollary
of Theorem 1.2 is following.

Corollary 1.1. Suppose E is of type p, 1 < p < 2, and E exp(β‖X1‖) < ∞ for
some β > 0. Then

{
S̃n
n1/p

}
satisfies an MDP in C([0, 1],E) with speed

{
n

n2/p

}
and

rate function Λ̃ defined by (1.2).

It should be mentioned that the large deviation principles (LDPs) for {S̃n;n ≥ 1}
have been studied extensively, see Varadhan [32], Borovkov [10], Mogulskii [30],
Deshayes and Picard [19], Borovkov and Mogulskii [12], Schuette [31], Dembo and
Zajic [16], Hu [23] and the references therein. LDPs for sample paths of vector-
valued Lévy processes have also been proved by de Acosta [3]. Arcones [7] gave
necessary and sufficient conditions for LDPs and MDPs for {Sn(·);n ≥ 1} in the
real-valued case.

The projective-limit method has been developed to successfully treat many prob-
lems. For a nice account of the theory, see, for example, Dembo and Zeitouni [18].
We do not see how to prove our result by the projective-limit method. A method
of subsequences is devised to establish the MDP upper bound. The lower bound
is proved by an interesting calculation which is rather explicit. Both upper and
lower bounds are presented in Section 2. Our method is also different from that of
Borovkov and Mogulskii [12]. It would be interesting to see our problem worked
out along the line of the projective-limit method; comparison of the two approaches
should be instructive. On the other hand, it should also be interesting to look on
the MDPs for stochastic processes in general, see Arcones [7] for corresponding
results in real-valued case in this direction.

The Functional Laws of the Iterated Logarithm will be considered in Section 3.
In Section 4, some remarks will be given.

2. The proofs of main results

We begin with several lemmas, which are important for proving the main results.

Lemma 2.1. Given ε > 0, 0 < δ ≤ 1, under condition (1.5), for all sufficiently
large n, we have

P

{
max

1≤k≤[nδ]+1
‖Sk‖ ≥ εb(n)

}
≤ 2P

{
‖S[nδ]+1‖ ≥

ε

2
b(n)

}
,
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P

{
max

1≤k≤n
‖Sk‖ ≥ εb(n)

}
≤ 2P

{
‖Sn‖ ≥

ε

2
b(n)

}
.

Proof. We will prove only the first inequality, for the second can be treated similarly.
By Ottaviani’s inequality (see also Araujo and Gine, [6, pp. 110-111]), for every
A > 0 and every integer M ≥ 1,

P

{
max

1≤k≤M+1
‖Sk‖ ≥ A

}
≤

P
{
‖SM+1‖ ≥ A

2

}
1−max1≤k≤M P

{
‖SM+1−k‖ ≥ A

2

} .
Take M = [nδ], A = εb(n). By (1.5), we can steadily prove that for sufficiently
large n,

max
1≤k≤[nδ]

P
{
‖S[nδ]+1−k‖ ≥

ε

2
b(n)

}
≤ 1

2
,

which implies the desired result. Lemma 2.1 is proved.

Lemma 2.2. Under condition (1.4),
{
S̃n(·)
b(n)

}
and

{
Sn(·)
b(n)

}
are exponentially

equivalent in D([0, 1],E), that is, for each δ > 0,

lim sup
n→∞

n

b2(n)
logP

{
d∞

(
S̃n(·)
b(n)

,
Sn(·)
b(n)

)
> δ

}
= −∞.

Proof. Since d∞
(
S̃n(·), Sn(·)

)
≤ max1≤k≤n ‖Xk‖, by Chebyshev’s inequality, for

each δ > 0,

P

{
d∞

(
S̃n(·)
b(n)

,
Sn(·)
b(n)

)
> δ

}
≤ nP{‖X1‖ > δb(n)}

≤ n exp(−βδb(n))E exp(β‖X1‖),

where β > 0 is as in (1.4), from which the exponential equivalence of
{
S̃n(·)
b(n)

}
and{

Sn(·)
b(n)

}
follows. Lemma 2.2 is proved.

Following the proofs of Chen [13, Theorem 2]; [15, Theorem 1]), one can steadily
prove the following version, Lemma 2.3, of the MDP for subsequences of i.i.d. sums.

Lemma 2.3. Let {Yj} be a sequence of i.i.d. random variables with values in
(E, ‖ · ‖), with common distribution µ ∈ WM2

0 and such that E exp(α‖Y1‖) < ∞
for some α > 0. Let {nk} and {ak} be positive integers and positive numbers, re-
spectively, such that as k →∞,

nk →∞,
ak√
nk
→∞, ak

nk
→ 0

and
Snk
ak

P−→ 0,

where Snk =
nk∑
j=1

Yj , k ≥ 1.

Then
{
Snk
ak

}
satisfies an MDP with speed

{
nk
a2
k

}
and the rate function I(x) =

Λ(x), where Λ is defined by (1.1).
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Lemma 2.4. For 0 ≤ s < t ≤ 1 fixed, let Wn(s, t) = Sn(t)− Sn(s). Assume (1.4)
and (1.5) hold, then

{
Wn(s,t)
b(n)

}
in E satisfies an MDP with speed

{
n

b2(n)

}
and a

rate function Is,t, that is, for every closed set F and open set G of E,

lim sup
k→∞

n

b2(n)
logP

{
Wn(s, t)
b(n)

∈ F
}
≤ − inf

x∈F
Is,t(x),

lim inf
k→∞

n

b2(n)
logP

{
Wn(s, t)
b(n)

∈ G
}
≥ − inf

x∈G
Is,t(x),

where Is,t : E→ [0,∞] is defined as follows

Is,t(x) = (t− s)Λ
(

x

t− s

)
=

1
t− sΛ(x), x ∈ E.(2.1)

Proof of Lemma 2.4. The function Is,t defined by (2.1) has compact level sets be-
cause Λ does, see Goodman, Kuelbs and Zinn [22, Lemma 2.1(V)] and Chen [13,
Theorem 2]; [15, Theorem 1].

Given 0 ≤ s < t ≤ 1, define nk = [kt]− [ks] and ak = b(k), k ≥ 1. Then Wk(s, t)
has the same distribution as Snk and hence Wk(s,t)

b(k) has the same distribution as
Snk
ak
. From (1.5) and Lemma 2.1 it follows that Snk

ak

P−→ 0. Taking into account the

fact that k
b2(k) ·

a2
k

nk
→ 1

t−s as k →∞, Lemma 2.4 follows from Lemma 2.3. Lemma
2.4 is proved.

Proof of Theorem 1.1. Given a partition, π, of [0, 1], π : 0 = t0 < t1 < · · · < tN = 1,
denote W π

n = (Sn(t1), Sn(t2) − Sn(t1), · · ·, Sn(tN ) − Sn(tN−1)). Then by Lemma
2.4, Lynch and Sethuraman [28, Corollary 2.9] (see also Dembo and Zeitouni [18,
Ex. 4.2.7]),

{
Wπ
n

b(n)

}
satisfies an MDP in EN with speed

{
n

b2(n)

}
and rate function

Iπ given by

Iπ(z) =
N∑
i=1

(ti − ti−1)Λ
(

zi
ti − ti−1

)
for z = (z1, · · ·, zN) ∈ EN .

Applying the contraction principle (see Dembo and Zeitouni [18, Theorem 4.2.1])

to the continuous one-to-one map (z1, · · ·, zN ) → (z1, z1 + z2, · · ·,
N∑
i=1

zi) on EN ,

from the MDP for the sequence
{
Wπ
n

b(n)

}
it follows that

{
1

b(n) (Sn(t1), · · ·, Sn(tN ))
}

satisfies an MDP in EN with speed
{

n
b2(n)

}
and rate function defined by the equal-

ity (1.8). Lemma 2.2 implies that the sequences { 1
b(n) (Sn(t1), · · ·, Sn(tN ))} and{

1
b(n)

(
S̃n(t1), · · ·, S̃n(tN )

)}
in EN are exponentially equivalent. Hence, by Dembo

and Zeitouni [18, Theorem 4.2.13],
{

1
b(n)

(
S̃n(t1), · · ·, S̃n(tN )

)}
in EN satisfies the

same MDP as that for
{

1
b(n) (Sn(t1), · · ·, Sn(tN ))

}
. Theorem 1.1 is proved.

Proof of Theorem 1.2. The compactness of level sets of Λ̃ will be proved in Appen-
dix B.
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Upper bound. We first show that for every f ∈ C([0, 1],E), and every ε > 0,
there exists a ball of f, B(f, ρ) = {g; ‖f − g‖∞ < ρ} for some ρ = ρ(f, ε) > 0, such
that

lim sup
n→∞

n

b2(n)
logP

{
S̃n(·)
b(n)

∈ B(f, ρ)

}
≤ −Λ̃(f) + ε.(2.2)

To this end, given f ∈ C([0, 1],E) and ε > 0, we first consider the case where
Λ̃(f) <∞.

For every partition, π, of [0, 1], π : 0 = t0 < t1 < · · · < tN = 1, by Theorem 1.1,

lim sup
n→∞

n

b2(n)
logP

{
S̃n(·)
b(n)

∈ B(f, ρ)

}
(2.3)

≤ lim sup
n→∞

n

b2(n)
logP

{
S̃n(ti)
b(n)

∈ Bρ(f(ti)), i = 1, · · ·, N
}

≤ − inf
{
Ĩπ(z); z = (z1, · · ·, zN ), zi ∈ Bρ(f(ti)), i = 1, · · ·, N

}
where Bρ(x) = {y ∈ E; ‖x− y‖ < ρ} for x ∈ E, and Ĩπ(·) is as in (1.8). We can
choose partition π such that

Ĩπ((f(t1), · · ·, f(tN ))) ≥ Λ̃(f)− ε/2.(2.4)

By the lower semicontinuity of Ĩπ, we can choose ρ = ρ(f, ε) > 0 small enough
such that

inf
{
Ĩπ(z); z = (z1, · · ·, zN), zi ∈ Bρ(f(ti)), 1 ≤ i ≤ N

}
(2.5)

≥ inf
{
Ĩπ(z); z = (z1, · · ·, zN), zi ∈ B2ρ(f(ti)), 1 ≤ i ≤ N

}
≥ Ĩπ((f(t1), · · ·, f(tN )))− ε/2.

So (2.2) follows from (2.3)-(2.5). If Λ̃(f) = +∞, then we can similarly prove that
(2.2) is still true.

Keeping (2.2) in mind, by a well-known standard argument we know that the
upper bound holds for compact sets. Therefore, in order to complete the upper
bound, it suffices to prove that

{
S̃n(·)
b(n)

}
is exponentially tight, that is, for every

L > 0, there exists a compact set KL ⊂ C([0, 1],E), such that

lim sup
n→∞

n

b2(n)
logP

{
S̃n(·)
b(n)

∈ Kc
L

}
≤ −L.(2.6)

We will adapt Dembo and Zajic [16]’s argument to prove (2.6). However, a much
more delicate estimate is needed when we prove (2.7) below.

By Theorem A in the Appendix A it suffices to prove
(i) For each rational t ∈ [0, 1],

{
S̃n(t)
b(n)

}
is exponentially tight, that is, for each

α > 0, there exists a compact set Kα ⊂ E such that

lim sup
n→∞

n

b2(n)
logP

{
S̃n(t)
b(n)

∈ Kc
α

}
≤ −α.
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(ii) For each ρ > 0,

lim
δ→0

lim sup
n→∞

n

b2(n)
logP

{
1

b(n)
sup
|t−s|<δ

‖S̃n(t)− S̃n(s)‖ ≥ ρ
}

= −∞.(2.7)

To this end. (i) follows from Lemma 2.4 and Lynch and Sethuraman [28, Lemma
2.6].

To prove (2.7). Noting Lemma 2.2, it is enough to prove

lim
δ→0

lim sup
n→∞

n

b2(n)
logP

{
1
b(n)

sup
|t−s|<δ

‖Sn(t)− Sn(s)‖ ≥ ρ
}

= −∞(2.8)

for each ρ > 0.
In fact, fix ρ > 0, for n ≥ 1 and δ > 0,

sup
|t−s|<δ

‖Sn(t)− Sn(s)‖ ≤ max
0≤k≤n,1≤m≤[nδ]+1

∥∥∥∥∥∥
k+m∑
j=k+1

Xj

∥∥∥∥∥∥ .(2.9)

For 0 < δ ≤ 1, let l = l(δ) ≥ 2 be the unique integer satisfying 1/l < δ ≤ 1/(l− 1).
Then n < ([nδ] + 1)l for sufficiently large n. For such a large n, suppose

‖Sk+m − Sk‖ =

∥∥∥∥∥∥
k+m∑
j=k+1

Xj

∥∥∥∥∥∥ ≥ b(n)ρ

for some k, 0 ≤ k ≤ n, and some m, 1 ≤ m ≤ [nδ] + 1. Then there exists a unique
integer p, 0 ≤ p ≤ l− 1, such that

([nδ] + 1)p ≤ k < ([nδ] + 1)(p+ 1).

Hence, there are two possibilities for k +m. One possibility is that

([nδ] + 1)p ≤ k +m < ([nδ] + 1)(p+ 1),

in which case either ‖Sk+m − S([nδ]+1)p‖ ≥ 1
3b(n)ρ, or ‖Sk − S([nδ]+1)p‖ ≥ 1

3b(n)ρ.
The second possibility is that

([nδ] + 1)(p+ 1) ≤ k +m < ([nδ] + 1)(p+ 2),

in which case either ‖Sk+m−S([nδ]+1)(p+1)‖ ≥ 1
3b(n)ρ, ‖S([nδ]+1)(p+1)−S([nδ]+1)p‖ ≥

1
3b(n)ρ, or ‖Sk − S([nδ]+1)p‖ ≥ 1

3b(n)ρ. In conclusion, we see that max
0≤k≤n,1≤m≤[nδ]+1

∥∥∥∥∥∥
k+m∑
j=k+1

Xj

∥∥∥∥∥∥ ≥ b(n)ρ

(2.10)

⊂
l∑

p=0

 max
1≤m≤[nδ]+1

∥∥∥∥∥∥
p([nδ]+1)+m∑
j=p([nδ]+1)+1

Xj

∥∥∥∥∥∥ ≥ ρ

3
b(n)

 .

Noting

P

 max
1≤m≤[nδ]+1

∥∥∥∥∥∥
p([nδ]+1)+m∑
j=p([nδ]+1)+1

Xj

∥∥∥∥∥∥ ≥ ρ

3
b(n)


= P

 max
1≤m≤[nδ]+1

∥∥∥∥∥∥
m∑
j=1

Xj

∥∥∥∥∥∥ ≥ ρ

3
b(n)

 ,
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by (2.9), (2.10) and Lemma 2.1,

P

{
1

b(n)
sup
|t−s|<δ

‖Sn(t)− Sn(s)‖ ≥ ρ
}

(2.11)

≤
l∑

p=0

P

 1
b(n)

max
1≤m≤[nδ]+1

∥∥∥∥∥∥
m∑
j=1

Xj

∥∥∥∥∥∥ ≥ ρ

3


≤ 2(l + 1)P

 1
b(n)

∥∥∥∥∥∥
[nδ]+1∑
j=1

Xj

∥∥∥∥∥∥ ≥ ρ

6


≤ 2(l + 1)P

{‖S[nδ]‖
b(n)

≥ ρ

12

}
+ 2(l + 1)P

{
‖X1‖
b(n)

≥ ρ

12

}
.

By (2.11), (1.4), Lemma 2.4 and Chebyshev’s inequality, for all 0 < δ ≤ 1,

lim sup
n→∞

n

b2(n)
logP

{
1

b(n)
sup
|t−s|<δ

‖Sn(t)− Sn(s)‖ ≥ ρ
}

(2.12)

≤ max
{

lim sup
n→∞

n

b2(n)
logP

{‖S[nδ]‖
b(n)

≥ ρ

12

}
,

lim sup
n→∞

n

b2(n)
logP

{
‖X1‖ ≥

ρ

12
b(n)

}}
≤ −1

δ
inf
{

1
2
‖x‖2H ;x ∈ H, ‖x‖ ≥ ρ

12

}
.

Note that for x ∈ H ,

‖x‖ ≤ σ‖x‖H(2.13)

where

σ = sup
‖g‖≤1,g∈E∗

(∫
Ω

g2(X1)dP
)1/2

<∞.

(See Goodman, Kuebls and Zinn [22].) Taking limit δ → 0 in (2.12) implies (2.8).
The upper bound is established.

Lower bound. To prove the lower bound, it suffices to prove that for each piece-
wise linear function f ∈ C([0, 1],E), and each ρ > 0,

lim inf
n→∞

n

b2(n)
logP

{
S̃n(·)
b(n)

∈ B(f, ρ)

}
≥ −Λ̃(f).(2.14)

(See also Schuette [31], Hu [23], etc.)
This can be easily reduced to proving for the case of a linear function f : t →

tx, t ∈ [0, 1], x ∈ E (see also Borovkov and Mogulskii [12]). So, we now focus on the
case f(t) = tx, t ∈ [0, 1], where x ∈ E is arbitrarily fixed.

For θ > 0, x ∈ E, let Nθ(x) = {g ∈ C([0, 1],E); ‖g(1)− x‖ < θ}. Note that for
ρ > 0, θ > 0,

Nθ(x) ∩B(f, ρ) = Nθ(x)\{Nθ(x)\B(f, ρ)} ⊂ B(f, ρ).
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Since the MDP for the partial sums
{
S̃n(1)
b(n)

}
yields

lim inf
n→∞

n

b2(n)
logP

{
S̃n(·)
b(n)

∈ Nθ(x)

}

≥ lim inf
n→∞

n

b2(n)
logP

{∥∥∥∥∥ S̃n(1)
b(n)

− x
∥∥∥∥∥ < θ

}
≥ −Λ(x) = −Λ̃(f),

in order to prove (2.14), it suffices to prove

lim sup
n→∞

n

b2(n)
logP

{
S̃n(·)
b(n)

∈ Nθ(x)\B(f, ρ)

}
< −Λ(x)(2.15)

for a certain θ > 0.
A little thought reveals that all sufficiently small θ > 0 will do. Since Nθ(x)\

B(f, ρ) is a closed set, we apply the upper bound result and estimate

−(L. H. S. of (2.15)) ≥ inf{Λ̃(g); ‖g − f‖ ≥ ρ, ‖g(1)− x‖ ≤ θ}

≥ inf{Λ̃(g); sup
0≤t≤1

‖g(t)− (f(t) + tz)‖ ≥ ρ− θ, z = g(1)− x, ‖z‖ ≤ θ}

= inf
‖z‖≤θ

inf{Λ̃(g); ‖g(t)− t(x+ z)‖ ≥ ρ− θ for some 0 ≤ t ≤ 1, g(1) = x+ z}

≥ inf
‖z‖≤θ

inf
0≤t≤1

inf{Λ̃(g); y = g(t)− t(x+ z), ‖y‖ ≥ ρ− θ, g(1) = x+ z}

≥ inf
‖z‖≤θ

inf
0≤t≤1

inf
‖y‖≥ρ−θ

{
tΛ
(

(x + z) +
y

t

)
+ (1 − t)Λ

(
(x + z)− y

1− t

)}
≥ inf
‖z‖≤θ

inf
‖y‖H≥ ρ−θσ

inf
0≤t≤1

1
2

{
t
∥∥∥x+ z +

y

t

∥∥∥2

H
+ (1− t)

∥∥∥∥x+ z − y

1− t

∥∥∥∥2

H

}

≥ inf
‖z‖≤θ

inf
‖y‖H≥ ρ−θσ

inf
0≤t≤1

1
2

{
‖x+ z‖2H +

(
1
t

+
1

1− t

)
‖y‖2H

}

≥ inf
‖z‖≤θ

{
1
2
‖x+ z‖2H + 2

(
ρ− θ
σ

)2
}

= inf
‖z‖≤θ

{
Λ(x+ z) + 2

(
ρ− θ
σ

)2
}
,

whose limit as θ → 0 is greater than or equal to Λ(x) + 2
(
ρ
σ

)2 by the lower semi-
continuity of the rate function Λ, where σ is as in (2.13).

This concludes that (2.15) indeed holds for sufficiently small θ > 0. The proof
of the lower bound is completed.

So far, we have proved that
{
S̃n(·)
b(n)

}
in C([0, 1],E) satisfies an MDP with speed{

n
b2(n)

}
and the rate function Λ̃ defined by (1.2). It is easy to check that (C([0, 1],E),

‖·‖∞) is a closed subset of (D([0, 1],E), d∞), and therefore
{
S̃n(·)
b(n)

}
in (D([0, 1],E),

d∞) also satisfies the MDP with speed
{

n
b2(n)

}
and the rate function Λ̃ of (1.2)

(see Dembo and Zeitouni [18, Lemma 4.1.5 (a)]. The exponential equivalence of
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S̃n(·)
b(n)

}
and

{
Sn(·)
b(n)

}
in (D([0, 1],E), d∞), established in Lemma 2.2, implies now

that
{
Sn(·)
b(n)

}
in D([0, 1],E) satisfies the MDP with speed

{
n

b2(n)

}
and the rate

function Λ̃ of (1.2) (see Dembo and Zeitouni [18, Theorem 4.2.13]). Theorem 1.2 is
proved.

3. Functional LILs

Throughout this section, let β(n) =
√

2n log logn, n ≥ 3. Based on Theorem
1.2 and Remark 1.2, we can conclude the Functional Laws of the Iterated Loga-
rithm for the piecewise constant and piecewise linear functions, {Sn(·);n ≥ 1} and{
S̃n(·);n ≥ 1

}
, respectively.

Theorem 3.1. Suppose that (1.4) and the following condition

Sn
β(n)

P−→ 0

hold. Then with probability 1, the following sequence{
ξn(·) =

Sn(·)
β(n)

}
n≥1

is relatively compact in D([0, 1],E), and the set of its limit points, L(ω), is precisely
the compact set

K =
{
f ∈ D([0, 1],E); 2Λ̃(f) ≤ 1

}
.

The same result holds for
{
S̃n(·)
β(n)

}
n≥1

.

Proof. It can be proved by the standard arguments, see, for example, the proof of
Deuschel and Stroock [20, Theorem 1.4.1] or Dembo and Zajic [17, Corollary 1].

4. Concluding remarks

We have viewed the trajectory problem as consisting of two major issues. First,
what is the MDP for partial sums? For this we found good results in the literature,
see, for instance, Chen [13, 15], Ledoux [26]. Second, how to pass a result from
the partial sum to the whole trajectory, now that the result holds for partial sums?
The latter issue is treated carefully in Section 2.

We have traced all the proofs and seen that, once the MDP for partial sums
is assumed, the original assumption (1.4) is rarely quoted in settling the second
issue. This, among other things, suggests that any partial sum result may well
remain true for the corresponding trajectory process. Let us illustrate use of such
an idea by extending a partial sum result to the trajectory setting, the results in
Proposition 4.1 and Proposition 4.2 below. In the proof, we will list all occasions
of quoting the original assumption, (1.4). It should be pointed out that (1.5) is a
necessary condition for (1.6) to hold.

Proposition 4.1. Let b(n) = np (1/2 < p < 1). Suppose that (1.5) and

E exp (β‖X1‖α) <∞ for some 2− 1/p < α < 1 and some β = β(α) > 0

hold. Then Theorem 1.1 and Theorem 1.2 remain true.
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Proof. By Chen [13, Theorem 2]; [15, Theorem 1] or Jiang [24],
{
Sn
b(n)

}
satisfies an

MDP with speed
{

n
b2(n)

}
and rate function Λ as in (1.1).

Again by tracing the proofs of Chen [13, Theorem 2]; [15, Theorem 1], we can
show that Lemma 2.3 is still true under the new assumption instead of (1.4).

Excluding Lemma 2.3, use was made of (1.4) only in the proofs of Lemma 2.2
and (2.12) via the following estimate

P {‖X1‖ > b(n)δ} ≤ exp(−βδb(n))E exp(β‖X1‖)
for δ > 0, where β is as in (1.4). The inequality above ensures the desired estimate

lim sup
n→∞

n

b2(n)
log(nP {‖X1‖ > b(n)δ}) = −∞(4.1)

for each δ > 0. Therefore, all that remains is to show that (4.1) is valid under
the new assumption, weaker than (1.4). Indeed, for each δ > 0, by Chebyshev’s
inequality,

nP {‖X1‖ > δb(n)} ≤ n exp (−βδαbα(n))E exp (β‖X1‖α) ,

which implies (4.1). Proof is completed.

Proposition 4.2. Let b(n) =
√

2n log logn, n ≥ 3. Suppose that (1.5) and

E exp (β‖X1‖α) <∞ for some 0 < α < 1 and some β = β(α) > 0

hold. Then Theorem 1.1, Theorem 1.2 and Theorem 3.1 hold.

Proof. Its proof is similar to that of Proposition 4.1.

Remark 4.1. Proposition 4.2 has improved Theorem 3.1 by weakening the expo-
nential integrability assumption, (1.4).

Appendix A

Let (X , d) be a Polish space and Y denote the Polish space of continuous functions
from [0, 1] to X equipped with the metric d∞(f, g) = sup0≤t≤1 d(f(t), g(t)). Let
{a(n)} be a positive sequence satisfying a(n)→ 0 as n→∞.

A sequence of probability measures {µn;n ≥ 1} on Y is said to be exponentially
tight with speed {a(n)} if for every L > 0, there exists a compact set KL ⊂ Y such
that

lim sup
n→∞

a(n) logµn {Kc
L} ≤ −L,(A.1)

where Kc
L means the complement of KL.

Theorem A. A sequence of probability measures {µn;n ≥ 1} on Y is exponentially
tight with speed {a(n)} if;

(i) For each rational t ∈ [0, 1], the sequence {µn(t);n ≥ 1} of laws induced by
the projection f(·)→ f(t) : Y → X is exponentially tight in (X , d), that is, for each
α > 0, there exists a compact set Lα ⊂ X such that

lim sup
n→∞

a(n) logµn {f(t) ∈ Lcα} ≤ −α.

(ii) For all ρ > 0,

lim
δ→0

lim sup
n→∞

a(n) logµn {{f ;ωf (δ) ≥ ρ}} = −∞,
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where for each f ∈ Y and all δ > 0,

ωf (δ) = sup
|t−s|<δ

d(f(t), f(s))

denotes the modulus of continuity of f .

Proof. This is essentially the Lemma A.2 of Dembo and Zajic [16].

Appendix B

Let Λ̃ be defined by (1.2). The purpose of this section is to show that Λ̃, defined
on (D([0, 1],E), d∞(·, ·)), has compact level sets. Since (C([0, 1],E), ‖ · ‖∞) is a
closed subspace of (D([0, 1],E), d∞(·, ·)), it suffices for us to show that Λ̃ restricted
to (C([0, 1],E), ‖ · ‖∞) has compact level sets. Throughout this section, we denote
by λ the Lebesque measure on [0,1]. Note that Λ has compact level sets under the
integrability condition (1.4).

Lemma B.1. Let Ka = {ϕ ∈ C([0, 1]; E); Λ̃(ϕ) ≤ a} for a > 0, and let K̇a = {g ∈
L1([0, 1],E);ϕ(t) =

∫ t
0
g(s)ds for t ∈ [0, 1], ϕ ∈ Ka}. Then K̇a is ‖ · ‖H–uniformly

integrable, that is to say

lim
k→∞

sup
g∈K̇a

∫
{‖g‖H≥k}

‖g‖Hdλ = 0.(B.1)

Proof. Given g ∈ K̇a, for each k > 0, it follows from the Cauchy-Schwartz inequality
that ∫

{‖g‖H≥k}
‖g‖Hdλ ≤

2
k

Λ̃(ϕ) ≤ 2
k
a,(B.2)

where ϕ(t) =
∫ t

0
g(s)ds for t ∈ [0, 1]. (B.1) follows from (B.2). The lemma is proved.

Lemma B.2 (Lower semicontinuity of Λ̃). If ‖ϕn − ϕ‖∞ → 0 as n → ∞, then
lim inf
n→∞

Λ̃(ϕn) ≥ Λ̃(ϕ).

Proof. It suffices to consider lim infn→∞ Λ̃(ϕn) = b < ∞. By passing to a subse-
quence, we may and will assume that lim

n→∞
Λ̃(ϕn) = b, and Λ̃(ϕn) ≤ b+ 1 for all n.

Let gn ∈ L1([0, 1],E) such that gn(t) ∈ H and ϕn(t) =
∫ t

0

gn(s)ds for t ∈ [0, 1].

We shall show that ϕ is ‖ · ‖H–absolutely continuous: that is, for every ε > 0,
there exists δ = δ(ε) > 0 such that n ∈ N, 0 ≤ s1 < t1 ≤ s2 < t2 ≤ · · · ≤ sn < tn ≤
1,
∑

(ti − si) < δ imply
n∑
i=1

‖ϕ(ti)− ϕ(si)‖H < ε.(B.3)

To prove (B.3). Given ε > 0, by Lemma B.1, there exists δ = δ(ε) > 0 such

that for all n,
∫
A

‖gn‖Hdλ < ε whenever λ(A) < δ. In particular, if si < ti and∑
|ti − si| < δ, then ∑

‖ϕn(ti)− ϕn(si)‖H < ε.(B.4)
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Taking account of (B.4), the lower semicontinuity of Λ and ‖ϕn−ϕ‖∞ → 0, we can
obtain

ε ≥ lim inf
n→∞

∑
(2Λ(ϕn(ti)− ϕn(si)))1/2 ≥

∑
(2Λ(ϕ(ti)− ϕ(si)))1/2.(B.5)

Note that ϕ(0) = lim
n→∞

ϕn(0) = 0 ∈ H. (B.5), together with the definition of Λ,

implies that ϕ(si), ϕ(ti) ∈ H . In return, we have ϕ(t) ∈ H for all t ∈ [0, 1] and∑
‖ϕ(ti)− ϕ(si)‖H ≤ ε(B.6)

which means that ϕ is ‖ · ‖H–absolutely continuous. Note that (B.6) yields also

that
∫ 1

0

‖ϕ(s)‖Hds <∞.

We next show that there exists g ∈ L1([0, 1],E) such that g(t) ∈ H and ϕ(t) =∫ t

0

g(s)ds for t ∈ [0, 1]. To this end, define on ([0, 1],B, λ), where B is the Borel

σ-algebra of [0,1], the H-valued martingale (hn,Fn), where

hn =
2n∑
j=1

2n
[
ϕ

(
j

2n

)
− ϕ

(
j − 1

2n

)]
1[(j−1)/2n,j/2n)

and Fn = σ
([
j − 1

2n ,
j

2n
)

; 1 ≤ j ≤ 2n
)
.

Because ϕ is ‖ · ‖H–absolutely continuous, it is of ‖ · ‖H–bounded variation; that
is, there exists a positive constant M < ∞, such that if n ∈ N and 0 ≤ t0 < t1 <
· · · < tn ≤ 1, then

n∑
i=1

‖ϕ(ti)− ϕ(ti−1)‖H ≤M.(B.7)

Since for n ∈ N,

E‖hn‖H =
2n∑
j=1

∥∥∥∥ϕ( j

2n

)
− ϕ

(
j − 1

2n

)∥∥∥∥
H

,

it follows from (B.7) that supnE‖hn‖H < ∞. By the well-known martingale con-
vergence theorem, there exists g ∈ L1([0, 1],E) satisfying g(t) ∈ H for t ∈ [0, 1] and∫ 1

0

‖g(s)‖Hds < ∞ such that lim
n→∞

‖hn − g‖H = 0 a.e. Next, we shall show that

ϕ(t) =
∫ t

0

g(s)ds for t ∈ [0, 1]. First of all, we shall show that

lim
n→∞

E‖hn − g‖H = 0.(B.8)

To prove (B.8), it is enough to show {hn} is ‖ · ‖H–uniformly integrable, that is

lim
ρ→∞

sup
n

∫
{‖hn‖H≥ρ}

‖hn‖Hdλ = 0.(B.9)

To show this, let 4j = ϕ
(
j
2n
)
− ϕ

(
j − 1

2n
)
, j = 1, · · · , 2n, then

C
4
= sup

n

2n∑
j=1

‖4j‖H <∞
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and

2−ncard{j : 2n‖4j‖H ≥ ρ} ≤ ρ−1
2n∑
j=1

‖4j‖H ≤
C

ρ
.(B.10)

However ∫
{‖hn‖H≥ρ}

‖hn‖Hdλ =
∑

{j:2n‖4j‖H≥ρ}
‖4j‖H .(B.11)

Now, (B.9) follows from (B.10), (B.11) and the ‖ · ‖H -absolute continuity of ϕ,
(B.3). Consequently, by the definition of Bochner integral, for 0 ≤ j < k ≤ 2n,∫ k/2n

j/2n
g(s)ds = lim

l→∞

∫ k/2n

j/2n
hl(s)ds = ϕ

(
k

2n

)
− ϕ

(
j

2n

)
.(B.12)

Recall that the Bochner integral h(u) =
∫ u

0

g(s)ds : [0, 1] → E is continuous (see

Diestel and Uhl [21, Theorem II.2.4]), and therefore, by (B.12) and the continuity
of ϕ, for 0 ≤ s < t ≤ 1, we have∫ t

s

g(s)ds = ϕ(t)− ϕ(s).

In particular, for t ∈ [0, 1], we have

ϕ(t) =
∫ t

0

g(s)ds.

Finally, we shall show that b ≥ Λ̃(ϕ). Let Π : 0 = t0 < t1 < · · · < tN = 1 be

a partition of [0,1], where ‖Π‖ 4= max
1≤i≤N

|ti − ti−1| will be taken to be sufficiently

small. Note that Λ̃(ϕn) =
N∑
i=1

∫ ti

ti−1

Λ(gn)dλ. By Jensen’s inequality,

∫ ti

ti−1

Λ(gn)dλ ≥ (ti − ti−1)Λ

(
1

ti − ti−1

∫ ti

ti−1

gndλ

)
.

Therefore

Λ̃(ϕn) ≥
N∑
i=1

(ti − ti−1)Λ
(
ϕn(ti)− ϕn(ti−1)

ti − ti−1

)
.

Using the lower semicontinuity of Λ, we obtain

b = lim inf
n→∞

Λ̃(ϕn) ≥
N∑
i=1

(ti − ti−1)Λ
(
ϕ(ti)− ϕ(ti−1)

ti − ti−1

)
= Λ̃(ϕΠ)(B.13)

for any partition Π, where ϕΠ is defined as follows

ϕΠ(t) =
∫ t

0

gΠ(s)ds, t ∈ [0, 1],

where

gΠ(t) =
ϕ (ti)− ϕ (ti−1)

ti − ti−1
for t ∈ [ti−1, ti)

and gΠ(1) = ϕ(1).
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Let Πm be a partition such that ‖Πm‖ ≤ 1
m . Define

gΠm
(t) =

ϕ
(
t
(m)
i

)
− ϕ

(
t
(m)
i−1

)
t
(m)
i − t(m)

i−1

for t ∈
[
t
(m)
i−1, t

(m)
i

)
and gΠm

(1) = ϕ(1), where Πm : 0 = t
(m)
0 < t

(m)
1 < · · · < t

(m)
m
N

= 1. Since∫ 1

0

‖g(s)‖Hds < ∞, lim
m→∞

‖gΠm
− g‖H = 0 a.e. Furthermore, lim

m→∞
‖gΠm

− g‖ =

0 a.e. Consequently, taking account of the lower semicontinuity of Λ, we have
lim inf
m→∞

Λ(gΠm
) ≥ Λ(g) a.e., which, as well as Fatou’s lemma, implies

lim inf
m→∞

∫ 1

0

Λ(gΠm
)dλ ≥

∫ 1

0

lim inf
m→∞

Λ(gΠm
)dλ ≥

∫ 1

0

Λ(g)dλ = Λ̃(ϕ).(B.14)

From (B.13) and (B.14) it follows that

b ≥ lim inf
m→∞

Λ̃(gΠm
) ≥ Λ̃(ϕ),

which proves the desired results. The lemma is proved.

Lemma B.3. For any a > 0, Ka = {ϕ : Λ̃(ϕ) ≤ a} is compact in (C[0, 1], ‖ · ‖∞).

Proof. Note first that: if A ⊂ C([0, 1]; E) is such that
(i) There exist a compact set K ⊂ E such that ϕ(t) ∈ K for all t ∈ [0, 1], ϕ ∈ A;
(ii) lim

δ→0
sup
ϕ∈A

ωϕ(δ) = 0, where ωϕ(δ) = sup
|t−s|<δ

‖ϕ(t) − ϕ(s)‖, then Ā is compact

in (C([0, 1]; E), ‖ · ‖∞) (see also de Acosta [3, p. 88]).

Given ϕ ∈ Ka, let g ∈ L1([0, 1],E) such that ϕ(t) =
∫ t

0

g(s)ds for t ∈ [0, 1], then

‖ϕ(t)− ϕ(s)‖ =
∥∥∥∥∫ t

s

g(τ)dτ
∥∥∥∥ ≤ ∫ t

s

‖g(τ)‖dτ,

which, together with Lemma B.1, yields (ii) for A = Ka.

Given ϕ ∈ Ka again, let g ∈ L1([0, 1],E) such that ϕ(t) =
∫ t

0

g(s)ds for t ∈ [0, 1].

For any t ∈ (0, 1], by Jensen’s inequality

Λ(ϕ(t)) = t2Λ
(

1
t

∫ t

0

g(s)ds
)
≤ t
∫ t

0

Λ(g(s))ds ≤ Λ̃(ϕ) ≤ a

This proves (i) for A = Ka, with K = {x ∈ E; Λ(x) ≤ a}, where {x ∈ E; Λ(x) ≤
a} is compact in (E, ‖ · ‖). Now the compactness of Ka follows from the above
arguments and the lower semicontinuity of Λ̃ (Lemma B.2). The proof is completed.

From Lemma B.2 and Lemma B.3, we can obtain following theorem.

Theorem B.1. Let Λ̃ be defined by (1.2). Under condition (1.4), Λ̃ is a rate
function on (C([0, 1]; E), ‖ · ‖∞).
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